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MAT 201 PARTIAL DIFFERENTIAL EQUATIONS AND COMPLEX ANALYSIS 

 

VISION OF THE INSTITUTION 

To mould true citizens who are millennium leaders and catalysts of change through 

excellence in education. 

 MISSION OF THE INSTITUTION  

NCERC is committed to transform itself into a center of excellence in Learning and 
Research in Engineering and Frontier Technology and to impart quality education to mould 
technically competent citizens with moral integrity, social commitment and ethical values. 
  

We intend to facilitate our students to assimilate the latest technological know-how and to 
imbibe discipline, culture and spiritually, and to mould them in to technological giants, 
dedicated research scientists and intellectual leaders of the country who can spread the beams 
of light and happiness among the poor and the underprivileged. 
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ABOUT DEPARTMENT 

 Established in: 2013 

 Course offered  :  B.Tech in Mechatronics  Engineering 
 Approved by AICTE New Delhi and Accredited by NAAC 

 Affiliated to the University of Dr. A P J Abdul Kalam Technological University. 

 

DEPARTMENT VISION 

To develop professionally ethical and socially responsible Mechatronics engineers 

to serve the humanity through quality professional education.  

 

DEPARTMENT MISSION 

MD 1: The department is committed to impart the right blend of knowledge and 

quality education to create professionally ethical and socially responsible graduates.  

MD 2: The department is committed to impart the awareness to meet the current 

challenges in technology. 

MD 3: Establish state-of-the-art laboratories to promote practical knowledge of 

mechatronics to meet the needs of the society. 

PROGRAMME EDUCATIONAL OBJECTIVES 

Graduates of Mechatronics Engineering will: 

PEO1: Graduates shall have the ability to work in multidisciplinary environment with 

good professional and commitment. 

PEO2: Graduates shall have the ability to solve the complex engineering problems by 

applying electrical, mechanical, electronics and computer knowledge and engage 

in lifelong learning in their profession. 

PEO3: Graduates shall have the ability to lead and contribute in a team entrusted with 

professional social and ethical responsibilities. 

PEO4: Graduates shall have ability to acquire scientific and engineering fundamentals 
necessary for higher studies and research. 
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PROGRAM OUTCOMES (POS) 

Engineering Graduates will be able to: 

1.  Engineering knowledge : Apply the knowledge of mathematics, science, 
engineering fundamentals, and an engineering specialization to the solution of 

complex engineering problems. 

2.  Problem analysis : Identify, formulate, review research literature, and analyze 
complex engineering problems reaching substantiated conclusions using first 

principles of mathematics, natural sciences, and engineering sciences. 

3.  Design/development of solutions : Design solutions for complex engineering 
problems and design system components or processes that meet the specified needs 

with appropriate consideration for the public health and safety, and the cultural, 
societal, and environmental considerations. 

4.  Conduct investigations of complex problems : Use research-based knowledge and 

research methods including design of experiments, analysis and interpretation of 
data, and synthesis of the information to provide valid conclusions. 

5.  Modern tool usage : Create, select, and apply appropriate techniques, resources, 
and modern engineering and IT tools including prediction and modeling to 

complex engineering activities with an understanding of the limitations. 

6.  The engineer and society: Apply reasoning informed by the contextual knowledge 

to assess societal, health, safety, legal and cultural issues and the consequent 
responsibilities relevant to the professional engineering practice. 

7.  Environment and sustainability: Understand the impact of the professional 
engineering solutions in societal and environmental contexts, and demonstrate the 

knowledge of, and need for sustainable development. 

8.  Ethics: Apply ethical principles and commit to professional ethics and 
responsibilities and norms of the engineering practice. 

9.  Individual and team work : Function effectively as an individual, and as a 

member or leader in diverse teams, and in multidisciplinary settings. 

10. Communication: Communicate effectively on complex engineering activities with 

the engineering community and with society at large, such as, being able to 
comprehend and write effective reports and design documentation, make effective 
presentations, and give and receive clear instructions. 

11. Project management and finance : Demonstrate knowledge and understanding of 

the engineering and management principles and apply these to one’s own work, as 
a member and leader in a team, to manage projects and in multidisciplinary 
environments. 

12. Life-long learning : Recognize the need for, and have the preparation and ability to 

engage in independent and life-long learning in the broadest context of 

technological change. 

PROGRAM SPECIFIC OUTCOMES (PSO) 

PSO 1: Design and develop Mechatronics systems to solve the complex engineering problem 

by integrating electronics, mechanical and control systems. 
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PSO 2: Apply the engineering knowledge to conduct investigations of complex engineering 

problem related to instrumentation, control, automation, robotics and provide solutions.  

COURSE OUTCOMES 

 
 

COURSE OUTCOMES 

 

 

 
CO PSO1 PSO2 

CO1 
1 1 

CO2 
1 1 

CO3 
1 1 

CO4 
1 1 

CO5 
1 1 
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QUESTION BANK 

 

MODULE 1 

Q.NO QUESTIONS CO KL PAGE NO 

1 
Derive a partial differential equation from the relation  𝑧 = 𝑓(𝑥 + 

𝑎𝑡) + 𝑔(𝑥 − 𝑎𝑡) 

CO1 K1 12 

2. Derive a partial differential equation from the relation       𝑧 = 

y𝑓(𝑥 ) + x𝑔(y) 

CO1 
K3 12 

3 
Find the differential equation of all planes which are at a 
constant distance a from the origin 

CO1 
K1 13 

4 Solve 
   

     
   𝑥    𝑖 ( 𝑥  )    

CO1 
K3 14 

5 Use Charpit’s methods to solve     𝑥       CO1 
K3 16 

6 Use Charpit’s methods to solve (     )   𝑧 CO1 
K3 18 

7 Solve 𝑥(  − 𝑧)  +  (𝑧 − 𝑥)  = 𝑧(𝑥 −  ) CO1 
K2 19 

8 
Solve (  𝑧)  (𝑥  )  𝑧  𝑥 CO1 

K2 20 

9 Solve by the method of separation of variables 
   

   
  

  

  
 

  

  
   

CO1 
K2 22 

10 Using the method of separation of variables, solve   
  

  
 

  
  

  
    

CO1 
K3 24 

11 Using the method of separation of variables, solve 
  

  
  

  

  
 

      where  (𝑥, 0) =6      

CO1 
K3 25 

12 Solve 𝑥  𝑥       𝑧𝑥   𝑥  CO1 
K3 28 
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MODULE 2 

Q.NO QUESTIONS C
O 

KL PAGE 
NO 

1 
Derive One dimensional wave equation  

C
O
2 

K2 30 

2. 
Derive the solution of one dimensional wave equation CO2 

K2 31 

3 
A tightly stretched string of length 𝑙 with fixed ends is initially in 

equilibrium position. It is set vibrating by giving each point a velocity 

   𝑖 
      

 
   Find the displacement of the string at any time.  

CO2 
K3 32 

4 
A tightly stretched string with fixed end points 𝑥    𝑎   𝑥  𝑙   is 

initially in a position given by      𝑖 
   

 
.  If it is released from rest 

from this position find the displacement  (𝑥 𝑡) 

CO2 
K3 34 

5 A transversely vibrating string of length  ‘a’ is stretched between 
two points A and B.   The initial displacement of each point of the 

string is zero and the initial velocity at a distance x from A is kx(a-
x).  Find the form of string at any subsequent time.  

CO2 
K3 35 

6 
Derive Solution of one dimensional wave equation using D Alembert’s 

method 

CO2 
K1 39 

7 
Derive One dimensional heat equation CO2 

K1 40 

8 
Derive Solution of one dimensional heat equation using variable 

Separable method 

CO2 
K2 41 

9 
Find the temperature  (𝑥 𝑡) of a homogeneous bar of heat conducting material of 

length 𝑙  whose end points are kept at zero temperature and whose initial temperature 

is given by 
  (   )

  
 

CO2 
K2 43 

10 A homogeneous rod of conducting material of length 100 cm has its 

ends kept at zero temperature and the temperature initially is                        

 (𝑥, 0) =𝑓(𝑥)  {
𝑥                    𝑥    
    𝑥     𝑥     

 

 Find the temperature (𝑥, 𝑡) at any time 

CO2 
K3 44 

11 A homogeneous rod of conducting material of length 10 cm has its 

ends kept at zero temperature and the temperature initially is                        

 (𝑥, 0) =𝑓(𝑥)  {
𝑥                    𝑥   
   𝑥     𝑥    

 

CO2 
K3 45 
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 Find the temperature (𝑥, 𝑡) at any time. 

 

12 A tightly stretched homogenous string of length 20cm with its                               

fixed ends executes transverse vibrations.  Motion starts with                               

zero initial velocity by displacing the string into the form                                    

𝑓(𝑥)   (𝑥  𝑥 )    𝑖   𝑡    𝑓𝑙  𝑡𝑖    (𝑥 𝑡) 𝑎𝑡 𝑎   𝑡𝑖   𝑡 

 

CO2 
K3 48 

 

 

MODULE 3 

 

Q.NO QUESTIONS CO KL PAGE NO 

1 Check whether the function    𝑓(𝑧)  
  (  )

   
 is continuous at 

𝑧    given 𝑓( )    

CO3 K2 50 

2. Prove that the function  f(𝑥,  ) = 𝑥   𝑥       is harmonic 
everywhere. Find its harmonic conjugate. 

CO3 
K3 52 

3 
Show that 𝑓(𝑧)     is analytic for all z. Find its derivative. CO3 

K1 54 

4 
If the 𝑓   𝑡𝑖      𝑎𝑥   𝑥  is harmonic then find a and b.  
Also find its harmonic conjugate. 

CO3 
K3 55 

5 
Verify   𝑥       is harmonic in the whole complex plane 

and find a harmonic conjugate function    𝑓    is no where 
analytic 

CO3 
K3 52 

6 Find the conjugate function V and express   𝑖  as an 
analytic function of z.  

CO3 
K1 56 

7 Show that the function            (𝑥    ) is 

harmonic.   

CO3 
K2 53 

8 Find the   image of the regions  2<|z|<3  and |argz|<
 

  
  

under the  transformation   𝑧    and plot it 
 

CO3 
K3 60 

9 Find the fixed points of the bilinear transformation   

    
   

   
 

CO3 
K2 62 

10 Find the image of the following infinite strips under the 

mapping    
 

 
  

 

 
   

 

 
   

CO3 
K2 65 

11 Find the  image of the region |z-
 

 
| ≤  

 

 
 under the 

transformation w= 
 

 
 

CO3 
K1 70 

12 Prove that 𝑓(𝑧)      is conformal CO3 
K2 74 
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MODULE 4 

Q.NO QUESTIONS CO KL PAGE 
NO 

1 Evaluate ∫    𝑧  𝑧   ,  C is the shortest path from 

  𝑖 𝑡     𝑖  

CO4 K1 78 

2. Evaluate ∫    𝑧   𝑧    counter clockwise around the 

triangle with vertices     𝑖 

CO4 
K2 79 

3 Evaluate ∫ (𝑥  𝑖 )
   

  dz along     𝑥     CO4 
K3 81 

4 Evaluate ∮
  

       C is the circle  𝑧     counter clock wise 

 

CO4 
K3 84 

5 Evaluate ∮
    

     
  𝑧      𝑧     𝑖      

 

CO4 
K1 85 

6 Evaluate ∮
  

       
  𝑧      𝑧        

 

CO4 
K2 87 

7 Integrate∮
  

(    ) 
  𝑧         𝑖  𝑡    𝑖𝑡  𝑖  𝑙   

 

CO4 
K3 89 

8 Integrate 

∮
       

(   ) 
  𝑧         𝑖  𝑡       𝑎     𝑓 𝑎    𝑎    𝑖𝑡    𝑡𝑖      

     𝑖      𝑡   𝑙     𝑖   

CO4 
K2 90 

9 Integrate ∮
             

(   )(   )
  𝑧           𝑧   

   𝑙     𝑖   
 

CO4 
K2 93 

10 Integrate ∮
    (  )

 (    ) 
  𝑧           𝑧   𝑖   

   𝑙     𝑖   
 

CO4 
K3 95 

11 Find the Taylor series 𝑓(𝑧)  
 

      
 𝑎   𝑡 𝑧     CO4 

K3 96 

12 Find the Taylor series of 𝑓(𝑧)  
 

 
 𝑎   𝑡 𝑧     CO4 

K3 96 

 

 

 

 

 

 

 

 

MODULE 5 
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Q.NO QUESTIONS CO KL PAGE NO 

1 1. Expand 𝑓(𝑧)  
 

    
 in Laurent series for the region 

   𝑧       
CO5 K1 98 

2. Expand 𝑓(𝑧)  
 

(   )(   )
 in Laurent series about z=-2 CO5 

K1 99 

3 Find the Laurent series of 
 

     
 with Centre  0  CO5 

K2 100 

4 What type of singularity have the function 𝑓(𝑧)  
 

         
 CO5 

K3 103 

5 Expand 𝑓(𝑧)  
   

        
 𝑖     𝑧    𝑎  𝑎  𝑎    𝑡    𝑖   CO5 

K1 105 

6 
Determine and classify the singularities of the function 

𝑓(𝑧)   
 

  

CO5 
K3 108 

7 
Find all singular points and corresponding residues of 

𝑓(𝑧)  
   

(   ) (   )
 

CO5 
K3 110 

8 Find the residues of 𝑓(𝑧)  
   

            
 CO5 

K3 115 

9 Find the residue of 
  

  
at its pole. CO5 

K2 113 

10 Evaluate∮
  

(    ) 
              𝑧    𝑖     

 
 CO5 

K3 116 

11 Use residue theorem to evaluate ∫
         

         where C is |𝑧| = 

3. 

CO5 
K3 117 

12 Evaluate ∮
    

       
  𝑧             𝑧  𝑖     CO5 

K3 118 
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MODULE I 

PARTIAL DIFFERENTIAL EQUATIONS 

 

SECTION:17.1    PARTIAL DIFFERENTIAL EQUATION 

An equation that contatins partial derivatives of an unknown function is called a partial 

differential equation.  In a pde the unknown function or dependent variable, say U depends on 

two or more independent variables.   

The following notations are adopted throughout the study of Pde’s  

p=
  

  
          q=

  

  
 =           r=

   

   
                   s=

   

    
   =                   t=

   

   
=    

 

SECTION:17.2     FORMATION OF PARTIAL DIFFERENTIAL EQUATION 

Pde’s are formed by eliminating arbitrary constants or arbitrary functions from a relation which 

contains three or more variables.   

ELIMINATION OF ARBITRARY CONSTANTS 

Suppose we have an equation  (         )    where ‘a’ and ‘b’ are arbitrary constants.  Let us 

consider   as a function(dependent variable) of two independent varibles        .  We now form 

a pde by eliminating ‘a’ and ‘b’ by  differentiating the given equation.We get another function  

 (         )    which is a pde of first order. 

REMARK 

If the number of arbitrary constants to be eliminated is equal to the number of independent 

variables then we get a first order pde. 

If the number of arbitrary constants to be eliminated is more than the number of independent 

variables then we get a higher  order pde. 

Similarly we can eliminate arbitrary functions.  Elimination of arbitrary functions  forms the PDE 

                                              

 

PROBLEMS 

I  Find the partial differential equation by elimination arbitrary constants from the following  
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1.  

  (   ) +(   )  

Solution: 

  (   ) +(   ) ----------------------------(1) 

Differentiating (1) partially w.r.t. x we get  

  

  
= (   )      ie,    (   )               →           

 

 
 

Differentiating (1) partially w.r.t. y we get  

  

  
= (   )      ie,    (   )               →           

 

 
 

( )       (
 
 
)  (

 
 
)  

                 which is the required PDE 

2.  

 

3.               
 

Solution: 

 

  

  
                                                

  

  
                                            

Substituting in the given equation we get 

              
4. Find the differential equation of all planes which are at a constant distance a from the 

origin 

 

Solution: 
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Equation of a plane  in normal form is 

           

 

Where l,m,n are the d.c.s of the normal from the origin to the plane. 

 

 

 

5.  

Find the differential equation of all spheres of fixed radius having their centres in the 

xy plane 

Solution: 

Equarion of sphere with centre(h,k,0)  in xy plane and radius ‘r’ is  

(   ) +(   )        

 

Differentiating the given equation w.r.t ‘x’  

 (   )    
  
  

                     

        

Differentiating the given equation w.r.t ‘y’  

 (   )    
  
  

                     

        

Therefore the given equation become (   )  (   )        

  (       )     
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6. Form a pde by eliminating a,b,c    
  

  
+
  

  
 

  

  
   

 

Solution: 

Consider the function 
  

  
+
  

  
 

  

  
            ( ) 

Differentiating (1) partially w.r.t x we get 

  

  
 
  

  
  
  

   

 

  
  

 

  
  
  

          ( ) 

 

 

  

  
  

 

 
            ( ) 

 

Differentiating (2) partially w.r.t x we get 

 

  
  

 

  
  
 
 
 

   
   

  
   
  

] 

  

  
                   ( ) 

Equating (3) and (4) we get  

 
 

 
            

      
 

 
                               

II   Form pde by eliminating arbitrary function 

1.      (     ) 

Solution: 

 Solution is of the form  

Where P=|
     

     
|   Q=|

     

     
|     R=|

     

     
| 

x    (     )  (         )    

Pp+Qq=R 
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Here U=xyz,  V=x+y+z 

P=|
      
    

|=x(z-y)  Q =|
     
    

|=y(x-z) R=|
     
    

|=z(y-x) 

 

Solution Pp+Qq=R x(z-y)p+ y(x-z)q= z(y-x) 

 

2.        (
 

 
     ) 

Solution: 

Solution is of the form  

Where P=|
     

     
|   Q=|

     

     
|     R=|

     

     
| 

Here        (
 

 
     )ɸ(

    

 
 
 

 
     )    

Here U=
    

 
   V=

 

 
      

P=|
    

 

 
 

 
     

|   = 
 

  
    Q=|

 

 
    

   
 

  

|= 
 

   
 R=|

    

 
 

  
    

 

 

|=  
 

  
 

Therefore solution is  
 

  
   

 

   
   

 

  
          yq-2     

 

3.  (              )=0 
 

Solution: 

 

Here U=       V=         

P=|
     

       
|=2(z-y)  Q=|      

       
|=2(x-z)  R=|

     
       

|   (   ) 

 

Solution is 2(z-y)p+2(x-z)q=  (   )  (z-y)p+(x-z)q=(   ) 

 
4. Form pde by eliminating arbitrary function 

 

(a)  (   ) (     ) (b)   (    )  (    ) 

 

Solution: 

Pp+Qq=R 
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SECTION:17.3   SOLUTIONS OF A PARTIAL DIFFERENTIAL EQUATION 

 

SECTION:17.4   EQUATIONS SOLVABLE BY DIRECT INTEGRATION 

We now consider such partial differential equations which can be solved  by direct integration.  In 

place of the usual constants of integration, we must, however use arbitrary functions of variables 

held fixed. 
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PROBLEMS 

1. Solve 
   

     
          (    )    

 

 

 
 

 

2. Solve 
   

   
                                   

  

  
   

 

 

 

 

 
 

3. Solve 
   

    
          for which 

  

  
                        

  when y is an odd multiple of 
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SECTION:17.5   LINEAR EQUATIONS OF FIRST ORDER 

 

Consider a PDE which is linear in P,Q,R is of the form Pp+Qq=R , where P,Q,R are the functions of 

x,y,z.  This is called Lagrange’s linear equation which is of order one.  

Method for solving Lagrange’s linear equation. 

1. Form the equation 
  

 
 

  

 
 

  

 
.  This is known as Lagrange’s auxiliary equation or 

subsidiary equation. 

2. By the method of grouping or by the method of multipliers or both solve  

the auxiliary equations to get two independent solutions U(x,y,z)=   ,  V(x,y,z)=   

Method of grouping 

 
Suppose that one of the variable is either absent or cancels out from any pair of fractions 

of equation 
  

 
 

  

 
 

  

 
 and then  a  solutions can be obtained by using ususal 

methods.  The same procedure is repeated with another pair of fractions of equation 
  

 
 

  

 
 

  

 
   for second independent solutions. 

 

Method of multiplier 
 

If l,m,n are three multipliers, then by a well known principles of algebra, each fraction 
  

 
 

  

 
 

  

 
   equal to 

           

        
.  Choose l,m,n such that lP+mQ+nR=0 then 



MTR DEPARTMENT, NCERC PAMPADY Page 19 
 

ldx+mdy+ndz=0.  Integrating we get U(x,y,z)=   .  This method may be repeated to get 

another independent solution V(x,y,z)=   .  This multiplierr l,m,n are called Lagrangian 

Multiplier 

3. General solution is ɸ(U,V)=0 or U=ɸ(V) 

 

PROBLEMS 

1. Solve    
   

 
         

 

2. Solve           (   )  

Solution: Here the auxiliary equations are 
  

 
 

  

  
 

  

   (   ) 
---------------------(1) 

The first two fractions we get 

dx=-dy 

integrating x=-y+cx+y=c= 

U=x+y 

Again first and third  

 
  

 
 

  

   (   ) 


  

 
 

  

     
 

Integrating   
 

 
   (     )     2x-    (     )=2   

V=2x-    (     ) 

 The general solution is ɸ(x+y, 2x-    (     ))    

 

3.  Solve                   

Solution: 

A.E is 
  

  
 

  

  
 

  

       
 

From first two equations 
  

  
 

  

  


  

 
 

  

 
 

Integrating   logx=logy+log  
 

 
   ---(1) 

U=
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From 2nd and 3rd    
  

  
 

  

       
 

Substitute x=     (from eqn (1)) 
  

  
 

  

       (   )
  

  

  
 

  

   
 (     )

 

      
  

     
 

Integrating         (     )         

X=log(z-2
 

 
)+         log   - log(z-2

 

 
)=         

  

   
 

 

=   
   

     
     

V=
   

     
 

General solution ɸ(
 

 
 
   

     
)    

 

4. Solve            (    ) 

Solution: Here the auxiliary equations are 

  

 
 

  

  
 

  

      (    )
---------------------(1) 

From first two equations
  

 
 

  

  
2 dx=-dy 

Integrating 2x+y=   

U=2x+y 

From 1st and 3rd 
  

 
 

  

      (    )
dx=

  

      (  )
 

ie,                 

I                                       

V=          

General solution ɸ(              )    

 

5. Solve    (   )    (   )    (   ) 
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Therefore    

 

 

General solution ɸ(    
 

 
 

 

 
 

 

 
)    

6. Solve (     )  (     )        

 
 

U=xyz 

V=
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 ɸ(
   

   
         )    

7. Solve (     )  (     )        

 

  General solution ɸ(                 )    

8. Solve (        )              

 

  

General solution ɸ(
 

 
 
        

 
)    

9. Solve (   )  (   )      

Solution 
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Here the auxiliary equations are   
  

   
 

  

   
 

  

   
 

Choose 1,1,1 as multiplier,   each fraction is equal to 
        

 
 

Integrating         

 

Choose x,z,y  as multiplier,   each fraction is equal to 
           

 
 

      (  )    

Integrating 
  

 
        General solution ɸ(      

  

 
   )    

SECTION:17.7   NONLINEAR EQUATIONS OF FIRST ORDER 

CHARPIT’S METHOD

 

U=x+y+z 
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PROBLEMS 

1. Solve (     )     

 



MTR DEPARTMENT, NCERC PAMPADY Page 25 
 

 

 

 

2. Solve                   

 
3. Solve                
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APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS 

SECTION:18.1   INTRODUCTION 

 

 SECTION:18.2   METHOD OF SEPERATION OF VARIABLES 

        

   It involves a solution which breaks up into a product of functions each of which contains  only 

one of the variables. 

 

PROBLEMS 

1. Solve by the method of separation of variables 
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2.  Solve by the method of separation of variables 

  

  
  

  

  
                    (   )        

  

  
  

  

  
    ( ) 

 

 

3. Solve by the method of separation of variables   

  
  

  
   

  

  
    

Solution:   
  

  
   

  

  
   ---------------(1) 

  (   )   ( ) ( )  where X function of x and Y function of y only 
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    --------------(2) 

 
  

  
        ( ) 

              ( )    ( )   ( ) we get 

  (   )   (   )    

  (   )=   (   ) 

 
   

 
 

    

 
   

 
   

 
            

  

 
 

 

 
         

  

 
 

 

 
    

             

                                   
          

  

 
    

 
            

  

 
 

 

  
         

  

 
 

 

  
    

             

       
 

 
                           

 

          
 

  

 General solution u(x,y)=      
  

 

 =    
 

  

 

 

 

 

 

 

 

 

 



MTR DEPARTMENT, NCERC PAMPADY Page 29 
 

 

MODULE 2 

APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS 
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is the only suitable solution of one dimensional wave equation.  
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