P =Y NEHRU COLLEGE OF ENGINEERING AND RESEARCH CENTRE
{ ?} . (NAAC Accredited)
. (Approved by AICTE, Affiliated to APJ Abdul Kalam Technological University, Kerala)

<« 1§ et Y
L NecerC | |

DEPARTMENT OF MECHATRONICS ENGINEERING
COURSE MATERIALS

MAT 201 PARTIAL DIFFERENTIAL EQUATIONS AND COMPLEX ANALYSIS

VISION OF THE INSTITUTION

To mould true citizens who are millennium leaders and catalysts of change through
excellence in education.

MISSION OF THE INSTITUTION

NCERC is committed to transform itself into a center of excellence in Learning and
Research in Engineering and Frontier Technology and to impart quality education to mould
technically competent citizens with moral integrity, social commitment and ethical values.

We intend to facilitate our students to assimilate the latest technological know-how and to
imbibe discipline, culture and spiritually, and to mould them in to technological giants,
dedicated research scientists and intellectual leaders of the country who can spread the beams
of light and happiness among the poor and the underprivileged.
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ABOUT DEPARTMENT
¢ Established in: 2013

4 Course offered : B.Techin Mechatronics Engineering
¢ Approved by AICTE New Delhi and Accredited by NAAC

€ Affiliated to the University of Dr. A P J Abdul Kalam Technological University.

DEPARTMENT VISION

To develop professionally ethical and socially responsible Mechatronics engineers

to serve the humanity through quality professional education.

DEPARTMENT MISSION

MD 1: The departmentis committed toimpartthe right blend of knowledge and

quality education to create professionally ethical and sociallyresponsible graduates.

MD 2: The departmentis committed toimpartthe awareness to meetthe current

challengesintechnology.

MD 3: Establish state-of-the-art |laboratories to promote practical knowledge of

mechatronics to meet the needsof the society.

PROGRAMME EDUCATIONAL OBJECTIVES

Graduates of Mechatronics Engineering will:

PEO1: Graduatesshall have the ability to work in multidisciplinary environment with

good professional and commitment.

Graduatesshall have the ability to solve the complex engineering problems by

applying electrical, mechanical, electronics and computerknowledge and engage

inlifelonglearningintheirprofession.

Graduatesshall have the ability tolead and contribute in ateam entrusted with

professional social and ethical responsibilities.

Graduates shall have ability to acquire scientific and engineering fundamentals
necessary for higherstudies and research.
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PROGRAM OUTCOMES (POS)

Engineering Graduates will be able to:

1.

Engineering knowledge: Apply the knowledge of mathematics, science,
engineering fundamentals, and an engineering specialization to the solution of
complex engineering problems.

Problem analysis: ldentify, formulate, review research literature, and analyze
complex engineering problems reaching substantiated conclusions using first
principles of mathematics, natural sciences, and engineering sciences.
Design/development of solutions: Design solutions for complex engineering
problems and design system components or processes that meet the specified needs
with appropriate consideration for the public health and safety, and the cultural,
societal, and environmental considerations.

Conduct investigations of complex problems : Use research-based knowledge and
research methods including design of experiments, analysis and interpretation of
data, and synthesis of the information to provide valid conclusions.

Modern tool usage: Create, select, and apply appropriate techniques, resources,
and modern engineering and IT tools including prediction and modeling to
complex engineering activities with an understanding of the limitations.

The engineer and society: Apply reasoning informed by the contextual knowledge
to assess societal, health, safety, legal and cultural issues and the consequent
responsibilities relevant to the professional engineering practice.

Environment and sustainability: Understand the impact of the professional
engineering solutions in societal and environmental contexts, and demonstrate the
knowledge of, and need for sustainable development.

Ethics: Apply ethical principles and commit to professional ethics and
responsibilities and norms of the engineering practice.

Individual and team work: Function effectively as an individual, and as a
member or leader in diverse teams, and in multidisciplinary settings.

. Communication: Communicate effectively on complex engineering activities with

the engineering community and with society at large, such as, being able to
comprehend and write effective reports and design documentation, make effective
presentations, and give and receive clear instructions.

. Project management and finance : Demonstrate knowledge and understanding of

the engineering and management principles and apply these to one’s own work, as
a member and leader in a team, to manage projects and in multidisciplinary
environments.

. Life-long learning: Recognize the need for, and have the preparation and ability to

engage in independent and life-long learning in the broadest context of
technological change.

PROGRAM SPECIFIC OUTCOMES (PSO)

PSO 1: Design and develop Mechatronics systems to solve the complex engineering problem

by integrating electronics, mechanical and control systems.
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PSO 2: Apply the engineering knowledge to conduct investigations of complex engineering

problemrelatedto instrumentation, control, automation, robotics and provide solutions.

COURSE OUTCOMES

COURSE OUTCOMES

CO 1 | Understand the concept and the solution of partial differential equation.

CO 2 | Analyse and solve one dimensional wave equation and heat equation.

CO 3 | Understand complex functions, its continuity differentiability with the use of Cauchy-
Riemann equations.

CO 4 | Evaluate complex integrals using Cauchy's integral theorem and Cauchy's

integral formula, undersiand the series expansion of analytic function

CO 5 | Understand the series expansion of complex function about a singularity and

Apply residue theorem to compute several kinds of real integrals.

CO VS PO’S AND PSO’S MAPPING

P06
1
1
1
|
1

Note: H-Highly correlated=3, M-Medium correlated=2, L-Less correlated=1
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SYLLABUS
Module 1 (Partial Differential Equations) (8 hours)

(Text 1-Relevant portions of sections 17.1, 17.2, 17.3, 17.4, 17.5, 17.7, 18.1, 18.2)
Partial differential equations, Formation of partial differential equations —elimimnation of
arbitrary constants-elimmation of arbitrary functions, Solutions of a partial differential
equations, Equations solvable by direct integration, Linear equations of the first order-
Lagrange’s linear equation, Non-linear equations of the first order -Charpit’s method,
Solution of equation by method of separation of variables.

Module 2 (Applications of Partial Differential Equations) (10 hours)
(Text 1-Relevant portions of sections 18.3,18.4, 18.5)

One dimensional wave equation- vibrations of a stretched string, derivation, solution of the
wave equation using method of separation of variables, D Alembert’s solution of the wave
equation, One dimensional heat equation, derivation, solution of the heat equation

]\indule 3 (Complex Variable — I-}ii‘l'erentiﬂtiun} (9 hours)
( Text 2: Relevant portions of sections13.3, 13.4, 17.1, 17.2 , 17.4)

Complex function, limit, continuity, derivative, analytic functions, Cauchy-Riemann

equations, harmonic functions, finding harmonic conjugate, Conformal mappings- mappings
W=7’ . W=¢” .Linear fractional transformation W = 1/Z fixed points, Transformation W=5mn
z

Module 4 (Complex Variable — Integration) (9 hours)
(Text 2- Relevant topics from sections14.1, 14.2, 14.3, 14.4,15.4)

Complex mtegration, Line integrals n the complex plane, Basic properties, First evaluation
method-indefinite integration and substitution of limit, second evaluation method-use of a
representation of a path, Contour mntegrals, Cauchy integral theorem (without proof) on
simply connected domain,Cauchy integral theorem (without proof) on multiply connected
domain Cauchy Integral formula (without proof), Cauchy Integral formula for derivatives of
an analytic function, Taylor’s series and Maclaurin series.

Module § (Complex Variable — Residue Integration) (9 hours)
(Text 2- Relevant topics from sections16.1, 16.2, 16.3, 16.4)

Laurent’s series{without proof ), zeros of analytic functions, singularities, poles, removable
singularities, essential singularities, Residues, Cauchy Residue theorem (without proof),
Evaluation of definite integral using residue theorem, Residue integration of real integrals —
integrals of rational functions of Cos 8 and Smmf . integrals of improper mtegrals of the form

J'_mm f(x)dx with no poles on the real axis.( _[ff{x)dx whose integrand become infinite at a

pomt in the interval of integration 1s excluded from the syllabus),
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Textbooks:

1. B.S. Grewal, Higher Engineering Mathematics, Khanna Publishers, 44th Edition, 2018.
2. Erwin Kreyszig, Advanced Engineering Mathematics, 10th Edition, John Wiley & Sons,
2016.

References:

1. Peter V. O'Neil, Advanced Engineering Mathematics, Cengage, 7th Edition, 2012

QUESTION BANK

MODULE 1

Q.NO QUESTIONS PAGE NO
1 Derive a partial differential equation from the relation z= f(x + 12

at)+ g(x - at)

Derive a partial differential equation from the relation z=

yf(x) +xg(y)

Find the differential equation of all planes which areata
constant distance a from the origin
652 2 P
Sol 18x sin(2x—y) =0
olve =3 3y + y©+ ( y)

Use Charpit’s methods to solve ¢ + xp = p?

Use Charpit’s methods to solve (p? + q?)y = qz

Solve x(y - z)p + y(z- x)q = z(x - y)
Solve (y —z)p+ (x—y)q=z—x

2
Solve by the method of separation of variables % -2 Z—i +

oz

6y=0

Using the method of separation of variables, solve x Z—l; -
du
Zyg =0

. . . i) i)
Using the method of separation of variables, solve ﬁ =2 a—ltt +

u  where u(x, 0) =6 e 3%
Solve xydx + y?dy = zxy — 2x?
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MODULE 2

Q.NO

QUESTIONS

Derive One dimensional wave equation

Derive the solution of one dimensional wave equation

A tightly stretched string of length [ with fixed ends is initially in
equilibrium position. Itis set vibrating by giving each point a velocity

vosin3% Find the displacement of the string at any time.

A tightly stretched string with fixed end points x = 0and x =1 is

initially in a position given by y = y,sin3 % Ifit is released from rest

from this position find the displacement y(x, t)

A transversely vibrating string of length ‘a’ is stretched between
two points A and B. The initial displacement of each point of the
string is zero and the initial velocity ata distance x from A is kx(a-
x). Findthe form of string at any subsequenttime.

Derive Solution of one dimensional wave equation using D Alembert’s

method

Derive One dimensional heat equation

Derive Solution of one dimensional heat equation using variable

Separable method

Find the temperature U(x, t) of a homogeneous bar of heat conducting

length [ whose end points are kept at zero temperature and whose initig

is given by%

A homogeneous rod of conducting material of length 100 cm has its

ends kept at zero temperature and the temperature initially is

_ [ x , 0<x<50
u(x, 0) =f (x) —{100_3(’ 50<x <100

Find the temperature (x, t) atany time

A homogeneous rod of conducting material of length 10 cm hasiits

ends kept at zero temperature and the temperature initially is

0<x<5

_fx )
u(x,O)—f(x)—{m_x, 50<x<10
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Find the temperature (x, t) at any time.

A tightly stretched homogenous string of length 20cm withits
fixed ends executes transverse vibrations. Motion starts with
zero initial velocity by displacing the string into the form

f(x) = K(x? — x3). Find the deflection u(x, t) at any timet

MODULE3

Q.NO QUESTIONS PAGE NO
2

1 Check whether the function «f (z) = RT(Z—Zl)

z=0given f(0) =0

Prove that the function f(x, y)=x3 — 3xy? — 5y is harmonic

everywhere. Find its harmonic conjugate.

Show that f(z) = eZ is analytic for all z. Find its derivative.

is continuous at 50

52

54

If the function u = ax3 + bxy is harmonic then find a and b.

55
Also find its harmonic conjugate.

Verify u = x? — y2 — y is harmonic in the whole complex plane
and find a harmonic conjugate function v of u is no where
analytic

Find the conjugate functionV and express u + iv as an
analytic function of z.

Show that the functionu = e~?*¥Ysin(x? — y?) is

52

harmonic.

Findthe image ofthe regions 2<|z|<3 and |argz|<§

2

under the transformation w = z= and plotit

Find the fixed points of the bilineartransformation
z—1

Z+1
Find the image of the followinginfinite strips underthe

mapping w =§

1 1
2 <Y <3

Findthe image of the region |z-§| < § under the

. 1
transformation w=-
Z

Prove that f(z) = e? is conformal
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MODULE 4

Q.NO

QUESTIONS

Evaluate fc Rez dz , Cisthe shortestpath from
1+ito3+3i

Evaluate fc Im z? dz counter clockwise around the
triangle with vertices 0,1, i

T
Evaluate |, "(x2 —iy)dzalong y=x

dz . . .
Evaluate fﬁc — Cisthecircle |z| = ™ counter clock wise
Z—5l

Evaluate sﬁc ZS:ZZ dz C:|z—4—2i]| =5.5

Evaluate gﬁc zeze dz C:|z| = 0.6

—2iz

6
Integrate —~__ dz where Cis the unit circle
C (2z-1)6

Integrate
¢ z3+sinz
C (z-0)3
+2,+2i counterclock wise

dz where Cis the boundary of a square wift

cosTz2 +sinmz

2
Integrate gﬁc D2 dz where C : |z| =

3 clock wise

xp(z%)

P2 dz where C : |z — 3i] =
z(z—2i)?

Integrate Sﬁc

2 clock wise

Find the Taylor series f(z) = 22_12_6 about z = —1

Find the Taylor seriesof f(z) = % about z = 2

MODULES5
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QUESTIONS PAGE NO
1. Expand f(z) = L

z-2z3
1<|z+1]<2

Expand f(z) = m in Laurent series about z=-2 99

in Laurent series for the region 98

Find the Laurent series of — iz4 with Centre 0
What type of singularity have the function f(z) =
Z—1
Expand f(z) = e
Determine and classify the singularities of the function

f(z) = er

Find all singular points and corresponding residues of

f(Z) — zZ+2

(z+1)%2(z-2)
Find the residues of f(z) =

T

Ccos z—sinz

in 2 < |z| < 3 asa Laurent series

50z
73 +272-77+4

. . ec .
Find the residue of —atits pole.

Evaluatefﬁc (sz%)z whereC:|z—2 —i| =3.2

cosh mz

> dz whereCis |z| =
zc+4

Use residue theoremto evaluate fc
3.

z—23

dz whereC:|lz—1i| =2
47—5

Evaluate sﬁc

72
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MODULE |

PARTIAL DIFFERENTIAL EQUATIONS

SECTION:17.1 PARTIAL DIFFERENTIALEQUATION

An equation that contatins partial derivatives of an unknown function is called a partial
differential equation. In apdethe unknown functionor dependent variable, say Udepends on
two or moreindependent variables.

The following notations are adopted throughout the study of Pde’s

_0z az 0%z 0%z

=— =z =z s=—— =z
P=5x x G ay Y dx2 xx axay XY

SECTION:17.2 FORMATION OF PARTIAL DIFFERENTIAL EQUATION

Pde’s are formed by eliminating arbitrary constants or arbitrary functions from a relation which
contains three or more variables.

ELIMINATION OF ARBITRARY CONSTANTS

Suppose we have an equation f(x,y, z,a, b) = 0 where ‘a’ and ‘b’ are arbitrary constants. Letus
consider z as a function(dependent variable) oftwo independent varibles x and y. We nowform

a pde by eliminating ‘a’ and ‘b’ by differentiating the given equation.We get anotherfunction
o(x,y,2,p,q) = 0 whichis a pde of first order.

REMARK

If the number of arbitrary constants to be eliminated is equal to the number ofindependent
variables then we get a first order pde.

If the number of arbitrary constants to be eliminated is more than the number ofindependent
variables then we get a higher order pde.

Similarly we can eliminate arbitrary functions. Elimination of arbitrary functions forms the PDE
Pp+Qq =R whereP,Q,R are functions of x,y,z

PROBLEMS

| Find the partial differential equation by elimination arbitrary constants from the following
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z= (x— @)*(y - b)?

Solution:
-(1)

2= (x— a)%+(y - b)?
Differentiating (1) partially w.r.t. x we get

%=2(x —a) ie,p=2(x—a)

Differentiating (1) partially w.r.t. y we get

T=2(y—b) e, q=2(y—b)
(W ===>z= B+ Dy

ie, 4z=p?+ q* whichis the required PDE

Solution. Differentiating (i) partially with respect to x and y, we get

iz 2x 1 1é& p
= — or T —— =
& a a* 2o X
20 Y
‘2;2—:" Or l:l‘_._—g.
b

B yd oy
Substituting these values of 1/a* and 1/b

2

Zin (i), we get
2=xp+yq
as the desired partial differential equation of the first order.

3. z=ax+by+ a®+b?

Solution:

Substitutingin the given equation we get
z=px+qy +p%+ ¢*
4. Find thedifferential equation of all planes which are at a constantdistance afromthe

origin

Solution:
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Equation ofaplane in normalformis
Ix+my+nz=a

Wherel,m,n are the d.c.s ofthe normalfrom the origin to the plane.

Then Psm?+n®=lorn= J(l—l"—mz)
= (i) becomes Ix + my + J(l ~?-m*)z=a

Differentiating partially w.r.t. x, we get

I+ \}(1—12—7712) p=0

Differentiating partially w.r.t. y, we get

m+ J(l—l'z—m“’) .q=0

Now we have to eliminate [, m from (ii), (iii) and (iv).

From (iii), | = - ,/(l - -m?) .pandm =~ J(l P -m®) .q

Squaring and adding, I? + m? = (1 - 0¥ —=m?) (p* + ¢%)
2K

Bem)A+p2+¢9)=p*+q¢*or1-P-m*=1- i —= .
e A e QR g ’ 1+p*+¢* 1+p°+¢*

q

AISO I=— — —’l%“—‘:,‘: andm = ———’)—‘)
(l+pz+q2) J(l+p" +q°)

Substituting the values of /, m and 1 - I? - m? in (ii), we obtain
Bk ., AR 14 + -

\ﬁl +p+q%) J(l +p* +q%) J(l +pt+q¢Y)

z=px+qy+a \Nl + p* + ¢°) which is the required partial differential equation.

Z=aQ

Find the differential equation of all spheres of fixed radius having their centres in the
xy plane

Solution:

Equarion of sphere with centre(h,k,0) in xy plane and radius ‘r’ is
(x— h)*+(y— k)?>+ z* =r?

Differentiating the given equation w.r.t ‘x’

0z . _
2(x—h)+22ﬁ—0 ie, x—h+pz=0
x—h=—-pz

Differentiating the given equation w.r.t ‘y’

0z . _
2(y—k)+22$—0 ie,e y—k+qz=0

y—k=-qz
Therefore the given equation become (—pz)? + (—qz)? + 2% = r?
2(p?+q* +1) =12
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2 2 ZZ

X
6. Form a pde by eliminating a,b,c _2+ﬁ + —=1

Solution:

2 2 ZZ

x
Consider the function 2tz -|- =1
Differentiating (1) partially w.r.tx we get
2x 22 aZ

2 2ox

Differentiating (2) partially w.r.t x we get

1. 8%z
=l

(o

dz 0z
ax " ox

Equating (3)and (4) we get
z
—_——p=— 2
~ P =—[zr +p’]
z
zr + p? — *P= Owhich is therequiredpde

Il Form pdeby eliminating arbitrary function
1. xyz=90¢0(x+y+2)

Solution:

Solution is ofthe form Pp+Qq=R

U, U
R="y|

V.V,

u,u
WhereP=|.> *
y z

v, v,
xyz=o(x+y+2)P f(xyz,x+y+2z)=0
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Here U=xyz, V=x+y+z

|xz xy yZ xz

yie2)  R=P =2ty

ey a7

Solution Pp+Qq=R> X(z-y)p+ y(x-z)q=2z(y-x)

2. z=y? +2f( +logy)

Solution:

Solution is of the form

U, U, Pp+Qqg=R
Vo Vs

u,u
WhereP=|.” ~*| Q=
y "z

2
Here z = y? + 2f G + logy)—)d)(%,i'i' logy) =0

2
Here U=% V=i + logy

P=1

1

0
. 1 oy 2 2 _

Thereforesolutlonls—gp+—ﬁq -z 2> X°p +yq-2y =0

3. f(x +y+2zx%+ y? + z%)=0
Solution:

HereU=x +y + z V=x? + y? + 7%

11

11
P=lyy 22729 a=|,1 1 |-2txa) Rel,h 5y =200

Solution is 2(z-y)p+2(x-z)q= 2(y — x) (z-y)p+(x-z)q=(y — x)

Form pde by eliminating arbitrary function
@)z = (x + Y d(x* —y?) (b)z = f(x+ at) + g(x — at)
Solution:

MTR DEPARTMENT, NCERC PAMPADY




=(x+y) 0 (x* —=y%) . 2¢x + ¢ (x* - y9),
—=(x+y) 0’ (x2=y?) . (- 2¥) + ¢ (x2 =%

From (i), - =2v(x +y) ¢’ (x* —=y?)

From (ii), g-—— =-2y(x+y) ¢ 2-»?)
x+y

p-zAx+y) x

q-—z/(x+y)_—;
[plx +y)—zly + lg (x + y) - z]x
x+y)(py+gx)-zlx+y)=0

Hence py + gz = z is required equation.

(b) We have z=f(x+at)+glx-at)

Differentiating z partially with respect to x and ¢,

az ’ 822 ~

3 =f"(x +at) + g(x—at), g..,-=/ (x +at) + g"(x — at)

0z %z oz

X =af’ (x + at) - ag'(x - at), Fel =a*f" (x +a!)+a"gf’(.t—at)=azg

Division gives

Thus the desired partial differential equation is 2%2

2822
=" 5
ox

which is an equation of the second order and (i) is its solution.

SECTION:17.3 SOLUTIONS OF A PARTIALDIFFERENTIAL EQUATION

It is clear from the above examples that a partial differential equation can result both from elimination of
arbitrary constants and from the elimination of arbitrary functions.

The solution flx,y,2,a,b)=0 (1)
of a first order partial differential equation which contains two arbitrary constants is called a complete integral.

A solution obtained from the complete integral by assigning particular values to the arbitrary constants i
called a particular integral.

If we put b = ¢ (a) in (1) and find the envelope of the family of surfaces flx, y, 2, ¢la)] = 0, then we get 4
solution containing an arbitrary function ¢, which is called the general integral.

The envelope of the family of surfaces (1), with parameters a and b, if it exists, is called a singular inte
gral. The singular integral differs from the particular integral in that it is not obtained from the complets
integral by giving particular values to the constants.

SECTION:17.4 EQUATIONS SOLVABLE BY DIRECT INTEGRATION

We now consider such partial differential equations which can be solved by directintegration. In
place of the usual constantsofintegration, we must, however use arbitrary functions of variables

held fixed.

MTR DEPARTMENT, NCERC PAMPADY




PROBLEMS
3z

L Solveg 7o~ + 18xy? + sin2x—y) =0

Solution. Integrating twice with respect to x (keeping y fixed),

9%z
axdy
dz 3 2 (o

— +3x"y" - 2 sin (2 — y) = xf (y) + g(y).

ov

+9x%y® - ‘3 cos (2x —y) = f(y)

Now integrating with respect to y (keeping x fixed)
z+x%° - i— cos (2x -y)=x If(y)dy - Ig(y)dy + wlx)

The result may be simplified by writing
[ F(y)dy = uly) and [gly)dy =u(y).

1 _ . .
Thusz = 3 08 (2x - y) = %" + xuly) + v(y) + w(x) where u, v, w are arbitrary functiofps.

a2 . 0
2. Solvea—xi +z =0 given that whenx =0z = e’ and a—i =1

Solution. If z were function of x alone, the solution would have been z = A sinx + B cos x, where A ghd B
are constants, Since z is a function of x and y, A and B can be arbitrary functions of y. Hence the solution (J the
given equation is z = f(y) sin x + ¢(y) cos x

— = f(y) cos x - §(y) 8in x
=[(y)cosx - Oly
3 \ b

dz
Whenx=0;z=¢, Le=0(y). Whenx =0, r“l-x— =], DR f(y)

Hence the desired solution is z = sin x + €' cos x.

aZ

z , . ., 0z ,
3. Solve oxdy sinxsiny for which 9y —2sinywhenx=0,and z =

0 wheny is an odd multiple ofg
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2
X . e o ; .
Solution. Given equation is - sin x sin y

Integrating w.r.t. x, keeping y constant, we get
dz

-=—cosxsiny+f(y)

Py

dz : . : :
Whenx =0, ==~ 2 sin y, s o=2siny=~-siny+f(y) or f(y)=-siny
dy

: 0z . .
.~ (i) becomes - COS X Sin y — §in y

Now integrating w.r.t. y, keeping x constant, we get
Z=C0Sxcosy+cosy+g(x)
When y is an odd multiple of #/2, z = 0.
\ 0=0+0+gx) or glx)= [ cos(2n + 1) n
Hence from (it), the complete solution is z = (1 + cos x) cos y.

SECTION:17.5 LINEAR EQUATIONS OF FIRST ORDER

Consider a PDE which is linear in P,Q,Ris of the form Pp+Qq=R, where P,Q,R are the functions of
x,¥,z. Thisis called Lagrange’s linear equationwhich is of order one.

Method forsolving Lagrange’s linear equation.

. dx _dy d . . - .
1. Form theequation Fx = Fy = ?Z. This is known as Lagrange’s auxiliary equationor

subsidiary equation.
By the method ofgroupingor by the method of multipliers or both solve
the auxiliary equations to get two independentsolutions U(x,y,z)=C, V(x,y,z)=C,

Method of grouping

Supposethat one ofthe variableis either absent or cancels out fromany pair of fractions

dx dy dz
ofequationF Q Eand then a solutionscan be obtained by using ususal

methods. Thesame procedureis repeated with another pair of fractions of equation
dx dy dz

= = — for second independent solutions.
P Q R

Method of multiplier

If |,m,n are three multipliers, then by a well known principles of algebra, each fraction

dx dy dz ldx+mdy+ndz

= — = — equalto————— . Choosel,m,nsuch that IP+mQ+nR=0then
P ¢ =Rr IP+mQ+nR Q
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ldx+mdy+ndz=0. Integrating we get U(x,y,z)=C, . This method may be repeated to get
anotherindependent solution V(x,y,z)= C,. This multiplierrl,m,n are called Lagrangian

Multiplier
General solution is $(U,V)=0 or U=¢(V)

PROBLEMS

2

1. Solve ysz + xzq = y*?

Solution. Rewriting the given equation as
yep + x%2q = y*x,

The subsidiary equations are d.:r - d} - _(éz_

yz x°z y'x
The first two fractions give x?dx = y°dy.
Integrating, we get xX-yi=gqg
Again the first and third fractions give xdx = zdz
Integrating, we get x¢-2°=)
Hence from (i) and (i), the complete solution is

-y = f(x2-22)

2. Solve pz — qz = 2% + (x + y)?

Solution: Here the auxiliary equations are
d« _dy _ dz .
= \1)

z -z Z2H(xty)?

The first two fractions we get
dx=-dy

integrating x=-y+c=> x+y=c=">

U=x+y

Again first and third

dx dz dx dz

z 22 +(x+y)?2 7 z T 22+

Integrating x = %log (22 + ¢2) + ¢; 2x- log(2? + ¢%)=2c,
v=2x- log(z? + c?)
The general solution is d(x+y, 2x- log(z*> + ¢*)) =0

3. Solve xydx + y*dy = zxy — 2x>
Solution:

. dx _dygdx _d
From first two equations = = 2= =2
xy ¥y2T x oy

Integrating Iogx=|ogy+|ogc1-)§ = cq—(1)

X

y
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nd rd ﬂ _ dz
From 2" and 3 R
Substitutex=c;y (fromeqn (1))

dy dz

y:  zcyyy —2(c1y)?
dy dz

y? - c1y%(z—2cy)

dz
Z_ch

c;dy =

Integratingc, y = log(z — 2¢,) + log c,

X=Iog(z-2§)+ log c;P»loge*- Iog(z-2§)= log c,

e* e*
—%=C> > Y =Cy
z—Z; YZ—-2x

ex
V=2
yz—2x

General Itind)(f yex)—O
eneral solutio S vz =

4. Solvep — 2q = 3x%sin(y + 2x)
Solution: Here the auxiliary equations are

a_dy
1 -2 3xZsin(y+2x)

(1)
From first two equation dlx = ‘j
Integrating 2x+y=c,

U=2x+y

From 1°tand 3"

dx dz dz

— = = dx=

1 3x2sin(y+2x) dx 3x2sin(cq)

ie, 3x2sinc, dx=dz
Integrating x3sinc, = z + ¢, D x3sinc,— z =,

v=x3sinc, — z

General solution ¢(2x + y, x>sinc; —z) = 0

5. Solve x*(y —2)p+y*(z—x)q=z*(x—y)
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Solution. Here the subsidiary equations are
dx - dy _ dz
*(y-2) Y (z-x) 2Yx-y)

Using the multipliers 1/x, 1/y and 1/z, we have

Lavelayslas

each fraction = =~ Y 5 =

dx dy dz
— —— p —
X Yy

logx+logy+logz=loga xyz=a

= 0 which on integration gives

Therefore | y=xyz

2

Using the multipliers Lz _12_ and — , we get
x

y

—12 dx + 12 dy + zl‘ dz

each fraction = X Y =

dy , d _
22

0, which on integrating gives

General solution ¢(xyz,)—1 + }l’ + ;) =0

6. Solve (x> —yz2)p+ (y* —zx)q = z* — xy
Solution. Here the subsidiary equations are
dx dy dz

-y Y-z 2Z-xy

dx - dy dy-dz

Each of these equations = —— = —
x* —_vz -(y—x)z yz -2 -x(z-y)

dix-y) = d(y-2) &
(x-yNx+y+2) (y-2Ax+y+2) x-y y-2z

Integrating, log(x-y)=log(y—2)+loge or ':— : =¢
xdx + ydy + zdz
4+ ys +2° - 3xyz

xdx + ydy + zdz
(x+y+2X +y° +2° - yz - 2x - xy)
dx +dy+dz

Xy e —yz-zx-xy

Each of the subsidiary equations (i) =

Also each of the subsidiary equations =

MTR DEPARTMENT, NCERC PAMPADY

dix-y) _dly-2)



Equating (iii) and (iv) and cancelling the common factor, we get
xdx +ydy +2dz _ dx +dy + dz
x+y+z
I(xdx + ydy + 2dz) = I(x +y+adx+y+2)+c
Faya=(xey+2P+ % or xy+yzeax+c’=0
Combining (ii) and (v), the general solution is

¢(;%Z,xy+yz+zx) =0

7. Solve (mz—ny)p+ (nx — lz)q = ly — mx

de. dy  dz
mz-ny mx-lz ly-mx

Solution. Here the subsidiary equations are

xdx + ydy + zdz
0
xdx + ydy + zdz = 0 which on integration gives x> + y* + 22 =a
ldx + mdy + ndz
0
ldx + mdy + ndx = 0 which on integration giveslx + my + nz=b

Using multipliers x, y, and 2, we get each fraction =

Again using multipliers /, m and n, we get each fraction =

General solution ¢(x% + y? + z%,lx + my+nz) = 0

8. Solve (x? —y? — z%)p + 2xy q = 2xz

" . 2ne % dx
Solution. Here the subsidiary equations are ——

>y -z
From the last two fractions, we have dy dz
y z
which on integration gives logy =logz + logaory/z=a
Using multipliers x, y and z, we have

2xdx + 2ydy + 22dz
each fraction = XdX tydy+zdz L yy+22 =d:2.

T TR T TR 2 2
xx® +y* +2°) X Ty *2

which on integration gives log (x? + y* +z%) = logz + log b

2 3 3
X +Y +2
or —_— =)
z

y x%+y*+7?

_I
z z

General solution ¢( )=20

9. Solve(y—z)p+(x—y)gq=z—x

Solution
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_dy  dz
y-z x-y z—x
o . dx+dy+d
Choose1,1,1as multiplier, each fractionis equalto Sioyies g+ -

Here the auxiliary equations are

Integratingx +y +z=a

U=x+y+z

. e . . xdx+zdy +ydz
Choosex,z,y as multiplier, each fractionis equalto +

= xdx+d(zy)=0
2 . 2
Integrating >~ + zy = b General solution ¢(x +y + z,x; +zy) =0

SECTION:17.7 NONLINEAR EQUATIONS OF FIRST ORDER

—-»-.._..._...._ﬂ-....-.--—- -—

Those equations in which p and ¢ occur other than in the first degree are called non-linear fartia
differential equations of the first order. The complete solution of such an equation contains only two arlitrar
constants (1.¢., equal to the number of independent variables involved) and the particular integral is obtaiped b
giving particular values to the constants |

CHARPIT’'S METHOD

We now explain a general method for finding the complete integral of a non-linear partial differential
equation which is due to Charpit.
Consider the equation
flx,yz,p,q)=0 (1)
Since z depends on x and y, we have

dz = %dx+%d_y:pd_x+qdy «(2)

Now if we can find another relation involving x, y, 2, p, ¢ such as ¢(x, y,z,p,q) =0 .(3)
then we can solve (1) and (3) for p and ¢ and substitute in (2). This will give the solution provided (2) is
integrable.

To determine ¢, we differentiate (1) and (3) with respect to x and y giving

X paX P, T Y
dx dz dp dx dq dx
% % WP Wk _
d dz' dpox dq dx
LA A A
dy dz  dpdy dgay
ﬂ{@q.}id_p‘.ﬂ(*—l:o

» x pay agd

0
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Eliminating % between the equations (4) and (5), we get

R T

% between the equations (6) and (7), we obtain

(Ra ax) (e 5, (Fn wy)® .

£ =0 ~J19)
dy dqg dy dg/ \dzdgq 0z dq dp dq dp dq/ dy

Also eliminating

2
Adding (8) and (9) and usmggz aiazy %’

we find that the last terms in both cancel and the other terms, on rearrangement, give

(X FafJap (Bf afJ@+(_p3_f_ 1]&(-1)&[-1)%:0

x ¥ Lo » "%l )\ u

(2 G2 D R LD (LYo o

This is Lagrange's linear equation (§ 17.5) with x, y, 2, p, ¢ as independent variables and ¢ as the ddpen-
dent variable. Its solution will depend on the solution of the subsidiary equations

dx dy dz dp dg %
AT AT A, T o
p o dp z)q &x Bz by &
An integral of these equations involving p or ¢ or both, can be taken as the required relation (3), whic

alongwith (1) will give the values of p and ¢ to make (2) integrable, Of course, we should take the simplest of th
integrals so that it may be easier to solve for p and ¢.

PROBLEMS

1. Solve (p?+q*)y=qz
Solution. Let f(x,y,2,p,¢)=(p?* +¢*y—qz =0 1)
Charpit's subsidiary equations are
dc dy _dz dp dg

-2py 2-2qy -9z -pq p’
The last two of these give pdp + gdg =0
Integrating, pPrq’=c? i)
Now to solve (i) and (i), put p* + g% = ¢? in (i), so that ¢ = ¢%y/z

Substituting this value of ¢ in (if), we get p = ¢ J(zz -c*y*)l 2

2
Hence = pdx + qdy = —\/(z ~c?y*)dx + ydy
Ld(2% - %y?

BTSN, . T 2
ctydy = ¢J(z° —c*y*)dx T

Integrating, we get (z% —¢?y?) = ex + a or 2% = (a + ex)? + ¢%? which is the required complete integlal.
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Solve2xz — px? — 2qxy +pq =0
Solution. Let f(x,y,2,p,q) = 2xz — px* - 2gxy + pq = 0
Charpit's subsidiary equations are
d«  dy dz __dp dq
J:z—q_2“)"Pﬂpxz-2pq+2quq22‘2‘l"— 0
dg=0 or g=a.

Putting ¢ = a in (i), we get p = gf-(fz: ay)
x“-a
- ay)
dz = pdx + qdy = 21_(3_ —E'X-d_t b 0(1_}’
2
x“-a
Integrating, log (z—ay)=log (x* —a)+ logb
or z—ay=b(x’-a) or z=ay+b(x?-a)

which is the required complete solution.

3. Solve2z+p?+qy+2y*=0

Solution. Letf(x,y,2,p,q) = 2 +p* + qy + 2"
Charpit's subsidiary equations are

dx dy  dz  dp dg

-2p -y -(2pf+qy 2 4y+dq
From first and fourth ratios,
dp=-dx or p=-x+a
Substituting p = a - x in the given equation, we get

q= —l-l-22-2y2-(a—x)2]
y

dz = pdx + qdy = (a - x)dx - 1[214'2)'24'(0—.!)2](1)'
y

Multiplying both sides by 2y%,

2v%dz + 4yz dy = 2* (a - x)dx - 4y*dy - 2y(a - x)*dy
Integrating 2y’ =~ yHa-xP +y') + b

¥¥l(x - a)* + 22 + y*| = b, which is the desired solution.
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APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS

SECTION:18.1 INTRODUCTION

In physical problems, we always seek a solution of the differential equation which satisfies some specified
conditions known as the boundary conditions. The differential equation together with these boundary cdpdi-
tions, constitute a boundary value problem.

In problems involving ordinary differential equations, we may first find the general solution and fhen
determine the arbitrary constants from the initial values, But the same process is not applicable to problpms
involving partial differential equations for the general solution of a partial differential equation contains {frbi-
trary functions which are difficult to adjust so as to satisfy the given boundary conditions. Most of the boun{jary
value problems involving linear partial differential equations can be solved by the following method.

SECTION:18.2 METHOD OF SEPERATION OF VARIABLES

It involves a solution which breaks up into a product of functions each of which contains only
one of the variables.

PROBLEMS

%z _

a li¥4
1. Solvebythe method ofseparation ofvariables e 2 ax + a} =0

Solution. Assume the trial solution z = X(x)¥y)
where X is a function of x alone and Y that of y alone.
Substituting this value of z in the given equation, we have

X'Y-2XY+XY =0 whmx:%r

Separating the variables, we get {_;_{_2_& =~ % i)

Since x and y are independent variables, therefore, (ii) can only be true if each side is equal to the same
constant, a (say).
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X" -2X’
X

and -Y/Y=a, ie, Y+aY=0

To solve the ordinary linear equation (iii), the auxiliary equation is

m?-2m-a=0, whencem=1V(1+a)
the solution of (iii) is X = cel? * W1 +lx 4 ¢ plt = ¥1 +allx

and the solution of (iv) is Y=cpe®.

Substituting these values of X and Y in (i), we get

) - )
lClei“"[l“’ Ix +c2e“ Ji+a lx} .(‘34."‘”

=q,le X -2X'-aX=0

2=

ie., o {k@“"ﬁ“mh A kzeu-\/u'imnxl o
which is the required complete solution.

2. Solve by the method ofseparation of variables
du

du_ ,0u — -3x
= 2 o T W where u(x,0) = 6e

6u_26u+ .
ox  Zortu®

Solution. Assume the solution u(x, t) = X(x)7\#)

Substituting in the given equation, we have
XT=2XT"+XT or (X'-X)T=2XT
X-X 7

oX ='T =k(say)

X-X-2%X=0 or §=1+2k A8 a6l

Solving (i), logX=(14+2k)x+loge or X=ce'l*2
From (ii), logT=kt+loge’ or T=cet
Thus u(x, t) = XT = cc” 1 + )x gt
Now 6e % = u(x, 0) = cc’ ¢!l + 20
& ec’=6and1+2k=-3 or k=-2
Substituting these values in (iii), we get
u=6e¥e % je, u=6e '+ which is the required solution.

3. Solve by the method of separation ofvariables

du Jdu

X —2y—=0
ax y ay

du _

0 - (1)

. Ju
Solution: x P Zyay =

U(x,y) = X(x)Y(y) where X function of xand Y function of y only
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du

2 = XYeereee(2)

du ,
5y =XV ———-(3)

substituting (2)and (3)in (1) we get
x(X'Y)-2y(XY')=0
x(X'Y)=2y(XY")

xXr _ 2yYr

, =k

X1 k dx k
2= D= ="dx
X X X X

integrating

log X = klogx+logc; & log X = logc;x* o X = ¢ x*

Y/ k dy k

2yYr
Y

integrating

k k
logY = glogy+ logc, = logY =logc,y: DY =c,y2

k k
General solution u(x,y)= c; c,x*y2=cx¥y2
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MODULE 2

APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

PARTIAL DIFFERENTIAL EQUATIONS OF ENGINEERING

A number of problems in engineering give rise to the following well-known partial differential equatiorf :
1 : *y _ 2%
(1) Wave equation : —5-=¢" —5-.

at* ox

2 2 ) . du o u
(i1) One dimensional heat flow equation : Fy = =
(iti) Two dimensional heat flow equation which in steady state becomes the two dimensional Laplc
. 'u
equation : g-z- “+ gg =0.
(iv) Transmission line equations.
(v) Vibrating membrane. Two dimensional wave equation.
(vt) Laplace’s equation in three dimensions.

Besides these, the partial differential equations frequently occur in the theory of Elasticity alpd
Hydraulics.

Starting with the method of separation of variables, we find their solutions subject to specific boundg
conditions and the combination of such solution gives the desired solution. Quite often a certain condition is 1ifpt
applicable. In such cases, the most general solution is written as the sum of the particular solutions alreaffly
found and the constants are determined using Fourier series so as to satisfy the remaining conditions.

VIBRATIONS OF A STRETCHED STRING—WAVE EQUATION

Consider a tightly stretched elastic string of length / and fixed ends A and B and subjected to constaht
tension T'(Fig. 18.1). The tension 7T will be considered to be large as compared to the weight of the string so thht
the effects of gravity are negligible.

Let the string be released from rest and allowed to vibrate.
We shall study the subsequent motion of the string, with no ex-
ternal forces acting on it, assuming that each point of the string
makes small vibrations at right angles to the equilibrium posi-
tion AB, of the string entirely in one plane.

Taking the end A as the origin, AB as the x-axis and AY
perpendicular to it as the y-axis ; so that the motion takes place
entirely in the xy-plane. Figure 18.1 shows the string in the
position APB at time ¢. Consider the motion of the element PQ of the string between its points P(x, y) af|d
Q(x + &x, y + dy), where the tangents make angles y and y + 8y with the x-axis. Clearly the element is movi(lg
upwards with the acceleration 9%y/dt%. Also the vertical component of the force acting on this element.

= T sin (y + dy) — T sin y = Tsin (y + dy) — sin y)
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=T [tan (y + dy) - tan wl.sincewissmall=7‘“§} _{%} ]
x4 B x

If m be the mass per unit length of the string, then by Newton's second law of motion, we have

dy 3 dy T {g}x'&_{z}!

y
LY _p . £
mix: o B&z “er T T m &

ot

Gioan o . Py 9%y T
Taking limits as @ — P i.e., dx — 0, we have —5-=¢"—5-, where ¢’ = — (1)
ot~ ax m

This is the partial differential equation giving the transverse vibrations of the string. It is also called the
one dimensional wave equation.
(2) Solution of the wave equation. Assume that a solution of (1) is of the form
z = X(x)T(t) where X is a function of x and T is a function of ¢ only.

Then

Substituting these in (1), we get XT" = ¢’X"T i.e., 8 = —1,- l .(2)

& &
Clearly the left side of (2) is a function of x only and the right side is a function of ¢ only. Since x and ¢ are
independent variables, (2) can hold good if each side is equal to a constant k (say). Then (2) leads to the ordinary

differential equations :

2 2
X =0 .® ad 4T _per=0 1)

dr? dt
Solving (3) and (4), we get
(i) When k is positive and = p*, say X = ¢,e" + c.e™ ; T = c,e™ + ¢ 7.
(it) When k is negative and = - p* say X = ¢, cos px + ¢ sin px ; T= ¢, €08 cpt + ¢4 8in cpt.
(iit) When k is zero. X = cgx +.¢)y; T = ¢, t + ¢y,
Thus the various possible solutions of wave-equation (1) are
y = (e, + c .7 ™) (e + c e~ ™) .(5)
y = (¢, cos px + ¢, sin px)(c, cos cpt + ¢ sin ept) .{6)
y=lege +eyo)ley f +¢y5) A7)
Of these three solutions, we have to choose that solution which is consistent with the physical nature of

the problem. As we will be dealing with problems on vibrations, y must be a periodic function of x and ¢. Hence
their solution must involve trigonometric terms. Accordingly the solution given by (6), i.e., of the form

¥ =(C, cos px + C, sin px) (C, cos cpt + C, sin cpt) ~(8)
Is the only suitable solution of one dimensional wave equation.
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Ewample 18.3. A string is stretched and fastened to two points | apart. Motion is started by displucihg
the string in the form y = a sin (mx /1) from which it is released at time t = 0. Show that the dx:placement of dhy
point at a distance x from one end at time t is given by

¥z, t) = a sin (nx/l) cos (nct 1) (V.T.U., 2010 ; S.V.T.U., 2008 ; Kerala, 2005 : U.P.T.U., 1)
a?v 2 82
Solution. The vibration of the string is given by Evl =¢ w3
As the end points of the string are fixed, for all time,
y(0,8)=0 (7)) and y(l,t)=0 -Reid)
Since the initial transverse velocity of any point of the string is zero,

dy
therefore, (~'—J =0 fiv)
Ot Jyuo

Also yix, 0) = a sin (mx/l) (v)

Since the vibration of the string is periodic, therefore, the solution of (i) is of the form
yx, t) = (C, cos px + C, sin px)(C, cos cpt + C, sin cpt) [fvi)
By (i), 0, 1) = C(C, coscpt + C, sinept) =0
For this to be true for all time, C, = 0.
Hence yl(x, t) = C, sin px(C, cos cpt + C, sin cpt) i)

% = C, sin px (Cy(—cp . sin cpt) + C,(cp . cos cpt)

By (iv), (%) = C, sin px . (C, ¢p) = 0, whence C,C,cp = 0.
t=0

If C, = 0, (vii) will lead to the trivial solution y(x, ) =0
the only possibility is that C, = 0.
Thus (vii) becomes y(x, t) = C,C, sin px cos cpt Y| T13)

By (iii), ¥, ) = C4C, sin pi cos ept = 0 for all £,
Since C, and C, # 0, we have sinpl = 0. . pl =nn, Le, p =nnl, where n is an integer.
AR ot
] '}
[These are the solutions of (i) satisfying the boundary conditions. These functions are called the eigen functiojps
corresponding to the eigen values ) = can/l of the vibrating string. The set of values 4, L,, A,, ... is called its spec |

Hence (i) reduces to  y{x, t) = C,C, sin

Finally, imposing the last condition (v), we have y(x, 0) = C,C, sin ? = (1 §in ?

which will be satisfied by taking C,C;=a and n = 1.

Hence the required solution is y(x, £) = a sin % cos 25 | 3

[
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Example 18.4. A tightly stretched string with fixed end points x = 0 and x = [l is initially in a position
given by y =y, sin® (rx/l). If it is released from rest from this position, find the displacement y(x, t).
(Rajasthan, 2006 ; V.T.U., 2003 ; JN.T.U., 2002)
2 2
Solution. The equation of the vibrating string is 3‘—:: =c? %x—}
The boundary conditions are y(0,¢)=0,y(/,8)=0

n
Also the initial conditions are y(x, 0) = y, sin? (—f)

I
8.

Since the vibration of the string is periodic, therefore, the solution of (i) is of the form
y(x, t) = (¢, cos px + ¢, sin px) (¢4 cos cpt + ¢, sin ept)
- By (1), ¥0, t) = ¢,(c, cos cpt + ¢, sin cpt) =0
For this to be true for all time, ¢, = 0.
K2 ¥{x, t) = ¢, sin px (¢, cos cpt + ¢ sin cpt)
Also by (11), ¥, t) = ¢, sin pl (¢, cos cpt + ¢, sin cpt) = 0 for all ¢.
This gives pl = nn or p = nw/l, n being an integer.

Thus ylx, t) = ¢, sin %u- (c@ oS c—';—-’g + ¢4 sin #]

Q-(c smﬂ]ﬂf(-c sinﬂ-l»c cos—)
& | 1)1 . ™ 1

By (iv), (ﬂ) =(c2 sin E)ﬂ.q =0, i.e. ¢, =0.
=0

ot 1 )1

Thus (v) becomes y(x, t) = c,e, sin—;‘icosnTmt:b,, smﬁl’EcosE—lm—t

Adding all such solutions the general solution of (i) is

ylx, t) = z b, sin#cosnfm

n=1
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from (i), o sin? %: Y b, sin 11’5"-
nwl

3 sin m‘-sinig—mE
, L =b,sin%+bzsin27m+b3sin37m+...

Yo

Comparing both sides, we have
b,=3y/4,b,=0,b,==y/4,b,=b;=..=0.
Hence from (vi), the desired solution is

y(x,t)z-qi-gsin-’;—tcosn—f{-%sinaTmcoss—Im—‘.

Example 18.5. A tightly stretched flexible string has its ends fixed at x = 0 and x = I, At time t = 0, the
string is given a shape defined by F(x) = px(1 - x), where p is a constant, and then released. Find the displace-
ment of any point x of the string at any time t > 0.

(Bhopal, 2008 ; Madras, 2006 ; JN.T.U,, 2005 ; P.T.U., 2005)
2. 2

Solution. The equation of the string is %,3— =c %%
The boundary conditions are y(0,t)=0,y(l, t) =0
Also the initial conditions are y(x, 0) = px(l - x)

and (QJ =0
ot Jiao
The solution of (i) is of the form
¥lx, t) = (¢, cos px + ¢, sin px) (¢, cos cpt + ¢, sin cpt)
By (ii), 0, 1) =c,(c; cos cpt + ¢ sin cpt) = 0
For this to be true for all time, ¢, = 0.
¥lx, t) = ¢, sin px (c4 cos cpt + ¢, sin cpt)
Also by (if) ¥, t) = ¢, sin pl(cg cos cpt + ¢, sin cpt) = 0 for all ¢.
This gives pl = nn or p = nw/l, n being an integer.

(1)

. nmx nrct . nnet
Thus ylx, t) = ¢, 810 T (03 cos - + ¢4 Sin —T-}

_Q_v_(c sin ﬁ—n—x—)ﬂ(—c sin ——"m‘ﬂ' cos—mw]
&\t il LSl

by (iv) (?1) = (Cz sin E]
t=0 !

. =0
m 4

l
ane
l

Thus (v) becomes ¥lx, t) = c,eq Sin % cos "Tm =}, sin n_fni cos nTnct
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Adding all such solutions, the general solution of (i) is
o nmnet

y(x, t)= Z b, sinTcosT
n=1

From (ifi), Hllx-2?) =y(x,0)= Y b, sin 1‘15

n=1

n

y
2 o[ cosnmx/l ] ! cos nmx/l
S b | e [N (. L L) | R S d
l { =2 [ nw/l -[u( ; nw/l s

!
where b.= -f— Io p(lx - x*)sin # dx, by Fourier half-range sine series

!

2 1 COS nmx 2u ! sin nmx/l f sin nux//

e - =— -2 - | (-2 dx
[ nrldo st l dx} nn -2 nwl | Io( ) nwl

¢ D { . -— l 2
BB 2 T i DI g AL | cowmRal [| Ay i)

nx nw Jo [ n’r an/l |, n'n

Hence from (vi), the desired solution is

4’ - 1-(=1" . nmx  nmet
yix, t) = — sin — o8 —
. 4 "Z, n’ l !

2 - _—
K 8:’1 Z 1 abi (2m 1)_1_: "

; . (2m — 1)net
2m-1° l : l :

mel
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Example 18,6. A tightly stretched string of length | with fixed ends is initially in equilibrium position. It
is set vibrating by giving each point a velocity v, sin® rx/l. Find the displacement y(x, t);
(S.V.T.U, 2008 ; V.T.U., 2008 ; U.P.T.U., 2006)

= i{ D)

al
Solution. The equation of the vibrating string is c’)t‘

The boundary conditions are y(0, ¢) =0, y(/, t) =
Also the initial conditions are y(x, 0) = 0
(2) -weint =
)0 l

Since the vibration of the string is periodic, therefore, the solution of (i) is of the form

ylx, t) = (¢, cos px + ¢, sin px) (¢, cos cpt + ¢, sin cpt)
By (if), 0, ) =¢le, cos ept + ¢ sincpt) =0
For this to be true for all time ¢, = 0.
& ¥x, t) = ¢, sin px (¢, cos cpt + ¢, sin cpt)
Also ¥, t) = ¢, sin pl (¢, cos cpt + ¢, sinept) = 0 for all 2.

This gives pl=nn or p= '—';—t, n being an integer.

nmx enm . CnX
Thus ylx, t) = ¢, 8in — ((‘3 cos Tr + ¢4 Sin —I-tJ

!
By (iii), 0 = cye, sin i‘lE"- for all x i.e., c,e, =0

nnx nt
ylx,t) = b, sin 7 ! sin r—"l-— where b, =c,e,

Adding all such solutions, the general solution of (i) is

ylx, £) = Z b, sin T sin ﬁ'lE

dy . nRX Ccnm cnnt
'a';r-Zb"Slﬂ-l—.'l—COS—l—

y ..M (dy) _cenr, . nmx
By (iv), v, sin® —I-=[-a?l-0 = Z Tb" sin ==

[3sm%—sm3Tm] Zc—’;—nb,,sin$ [+ sin 36 =3 sin 6 -4 sin® 0]
=ﬂb,sinE+2(—"nbzs' 2—m+th m3—m+...
R | R l
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Equating coefficients from both sides, we get

Uy Cm 2cm Uy 3en
—f=—a, 0=""b, -2="T4

Substituting in (v), the desxred solution is

l T et
£:: 9sm—sm———sm——sm—— p

, :w}
Y= 12en 1o ! 1

Example 18.7. A tightly stretched string with fixed end points x = 0 and x = | is initially at rest in its
equilibrium position. If it is vibrating by giving to each of its points e velocity Ax(1 - x), find the displacement of
the string at any distance x from one end afany time t. (Anna, 2009 FUPT.U, 2002)

; W s 1 %y b ?
Solution. The equation of the vibrating string is CX_¢? r)_y (1)
o* ox?

The boundary conditions are  (0,8)=0,y(/,¢)=0
Also the initial conditions are y(x,0)=0

(QJ = Aell - )
0t -0
As in example 18.6, the general solution of (i) satisfying the conditions (if) and (iii) is

N rmci
(x,8) = si
ylx Z sin =

l [

%:—=Zb,,sm 7

n=1

=— z nb, sin

M(I I)SIDT(II

By (iv),

ol
..
:

~|8

=

0'

]

LDl g
— S

2 3
(Ix - x2)[ : — C08 EB—J -l -2x)| —- i ~ Sin — icc) PO 1—-— CO§ ——
nn l n‘n ! n’r’

2

anr 4A
A 1 - cos nx) = W [1-(=1)]

= (
n 'n3
e AL
b, = ) ——r = 1)"|————8——4— taking n = 2m - 1.
en'nt en*(2m - 1)
Hence, from (v), the desired solution is
N 1 @2m-1nx ., (2m-Lnet

8’ Z "
= sin sin
et = @2m-1)! l l
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- Example 18:8. The points of trisection d’ a string are pulled aside through the same distance on oppo-
\a& sides of the position of eqmlzbnum and the string is reléased from rest. Derive an expression for the
duplaumtom string at subsequent Mu' and show that the mid-point of the string always remains at rest.

{ . ‘ 5 (Kerala, 2005)

Solution. Let B and C be the points of the trisection of the string OA(=1) ( Flg 18.2). Initially the string
is held in the form OB’C’A, where BB’ = CC’ = a(say).

‘I'he displacement y(x, £) Of any point of the string 1s given by

()2)’ 2 02 .
3 =¢ p) (2)
and the boundary conditions are
¥0,6)=0 (i)

i, 1)=0 ...(ii)
(QY_) =0 Aiv)
ot Jao

The remaining condition is that at ¢ = 0, the string rests in the form
of the broken line OB’C’A. The equation of OB’ isy = (3a/l) x ;

2a l 3a
th tion of B'C” i = —|x-—| ie y=—(@@-2
e equation o is y-a (lla)( 3] ie. y 7 ( )

and the equation of C’A is y= T (x-1)

Hence the fourth boundary condition is

3a l
,0)=—2x,0Sx <~
yix 7 x X 3

3a 1
B AL
R

3a 2

=—(x-1),—<x<l
] (x-1) 3 x

As in example 18.6, the solution of (i) satisfying the boundary conditions (ii), (iii) and (iv), is

nmx mwt
yx,t)=b, sin — 08 = [Where b, = C,C,|

Adding all such solutions, the most general solution of (i) is

yix, t)= z b, sin % coS nTm:l Avi)
n=1

Putting ¢ = 0, we have y(x, 0) = z b, sin 2% (i)
n=1

l

MTR DEPARTMENT, NCERC PAMPADY




n=1 .

In order that the condition (v) may be satisfied, (v) and (vii) must be same. This requires the expansion of
y(x, 0) into a Fourier half-range sine series in the interval (0, /).

by (1) of § 10.7,
3 !
=2 3—“(1—2x)sinmdx+l Q(I—I)Sinﬂd-t

l l ws | l

%8 ws(nnx/l)}_l _sin (nree/l)
(nril) (nml)* | |,

cos(nmdl)} (=9 {sin (mrx/l)}

(I -2x)1{~ .
{ (nl) (n/l)*

(nw/l) (nm/l)?

a 7 4
(x_n{_w}_ ! {_m_n(z"_u&}

203

+ — €08 — — —— §in — + —
3nrn 3 n’rn? 3 3nn

nmn 12 onk I* . 2nx
— | — 08— ——gin ——
3nn 3  ni 3

— i —

3

mr) 2nr 2% . 2im IP nn

_Ba (.
B

_ 18a
n’n*
Thus b, = 0, when n is odd.

36a . nn ;
=—— 8in —, when n is even.
n°w 3

Hence (vi) gives

3

sin %15 [1+(-1)"] [ sin % =sin (nn - -;—K) =~ (-1)" sin %n

[Take n = 2m]

2mmnx 2mmct
cos
s [
Putting x = /2 in (vii), we find that the displacement of the mid-point of the string, i.e. y(1/2, t) = 0, because
sin mn = 0 for all integral values of m.
This shows that the mid-point of the string is always at rest.

..(vit)
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(3) D’Alembert’s solution of the wave equation

2 2
a_2 e L o A1)
ot ax
. Let us introduce the new independent variables u = x + ¢t, v = x — ¢t so that y becomes a function of u and v.
W _d %
Th
Do

oy @ 9 . 9)) (av 3)') (av ay)_ %y 9%y 3%y
i Ty | cuts: i st | 22 e BN OB\ P A 2__ e
x0d ax2 o (6 dv) oJu\du dv) ov\du ™ Dv) du * Judv x ol
oy & Py
==

Similarly, = auav &

Substituting in (1), we get a—g— =0

ay = flu)

where f{u) is an arbitrary function of u. Now integrating (3) w.r.t. u, we obtain

y= [ fadu +yw
where y(v) is an arbitrary function of v. Since the integral is a function of u alone, we may denote it by ¢(u). Thus
y=¢(u) + ylv)
yix, t) = ¢lx + ct) + ylx —ct) ...(4)
This is the general solution of the wave equation (1).
Now to determine ¢ and y, suppose initially u(x, 0) = fix) and dy(x, 0)/dt = 0

dy

Differentiating (4) w.r.t. ¢, we get 5

Att=0, ¢'(x) = y'(x)
yix, 0) = ¢(x) + y(x) = fix)
(5) gives, olx) = yix) + &k
(6) becomes 2yi(x) + k = f(x)

Integrating (2) w.r.t. v, we get

=cd’(x + ct) —ey'(x —ct)

ylx) = %{ﬂxl — k] and ¢(x) = é— [flx) + &)

Hence the solution of (4) takes the form
1 ;
yix, t) = 3 [flx+ct)+ k] + % [flx —ct) =kl = flx + ct) + flx = ct) A7)
which is the d’Alembert’s solution® of the wave equation (1) (V.T.U., 2011 8)
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Example 18.9. Find the deflection of a vibrating string of unit length having fixed ends with initial
velocity zero and initial deflection f(x) = kisin x - sin 2x). (V.T.U, 2011)

Solution. By d’Alembert’s method, the solution is

yix, t)= % Ifix + ct) + flx —et))

- % |k{sin (x + ¢t) - sin 2{x + ct)} + k{sin (x — ct) — sin 2(x —ct)}]

= k|sin x cos ct — sin 2x cos 2ct]
Also y(x, 0) = k(sin x - sin 2x) = flx)
dy(x, 0)/at = k (- ¢ sin x sin ¢t + 2 sin 2 sin 2ct), =0
L., the given boundary conditions are satisfied.

(1) ONE-DIMENSIONAL HEAT FLOW

Consider a homogeneous bar of uniform cross-section c(cm?). Suppose that the sides are covered with a
material impervious to heat so that the stream lines of heat-flow are all parallel and perpendicular to the area o.
Take one end of the bar as the origin and the direction of flow as the positive x-axis (Fig. 18.3). Let p be the
density (gr/cm?), s the specific heat (cal./gr. deg.) and k the thermal conductivity (cal./cm. deg. sec.).

Let u(x, — t) be the temperature at a distance x from O. If du be : E
the temperature change in a slab of thickness &x of the bar, then by L L
§ 12.7 (ii) p. 466, the quantity of heat in this slab = spa 8xdu. Hence the o R i :

rate of increase of heat in this slab, i.e., spa&x%‘ =R, - R,, where R, 3 3

and R, are respectively the rate (cal /sec.) of inflow and outflow of heat.
Jdu du

Now by (A) of p. 466, R, = — ka(-a;lr and R, =- ka(&)“&

the negative sign appearing as a result of (i) on p. 466.

du _ (au) (au) = du k {(Bu/ax),, & — (Oulox),
—=—ko|—| +hko|— e, —=—
ot ax J, ;- 3 . at  sp dx
Writing k/sp = ¢?, called the diffusivity of the substance (cm?/sec.), and taking the limit as & — 0, we get
du_ 2%
ot ox* .
This is the one-dimensional heat-flow equation. (V.T.U., 2011)
(2) Solution of the heat equation. Assume that a solution of (1) is of the form
u(x, t) = X(x) . T(?)
where X is a function of x alone and T is a function of ¢ only.
Substituting this in (1), we get
XT' =c*X"T, iie., X'[X =T"/c*T .(2)
Clearly the left side of (2) is a function of x only and the right side is a function of ¢ alone. Since x and ¢ are

independent variables, (2) can hold good if each side is equal to a constant % (say). Then (2) leads to the ordinary
differential equations

Hence spudx

(1)

o ke*T =0 .(4)
dt

Solving (3) and (4), we get
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(i) When k is positive and = p?, say :

X=cie™ +ce ™, T=cy £ :
(ii) When k is negative and = - p?, say :
2.2

X=c,cospx+c,sinpx, T=cge ",
(1it) When k is zero :
X=cx+cgT=c,
Thus the various possible solutions of the heat-equation (1) are

u=(ce™+ ('ze‘l“)cap':””' ..(B)

u = (¢, cos px + ¢, sin px) cge” e ..(6)

u = (cx + cgheg A7)

Of these three solutions, we have to choose that solution which is consistent with the physical nature of

the problem. As we are dealing with problems on heat conduction, it must be a transient solution, i.e., u is to
decrease with the increase of time ¢. Accordingly, the solution given by (6), i.e., of the form

u = (C, cos px + C, sin pr)e <Pt .(8)
is the only suitable solution of the heat equation.

Example 18,10. Solve the equation %:i= %:-‘25 with boundary conditions u(x, 0) = 3 sin nix, _('470',: b 36
and u(l, t) = 0, where 0 <x < 1, t > 0. can

Solution. The solution of the equation oo = d_u

o o’
ulx, t) = (¢, cos px + ¢, 8in px) e
When x = 0, u0,)=c, e =0 ie, c;=0.
(if) becomes ulx, t) = ¢, sin pxe""l’
Whenx =1, u(l.l):czsinp.e"i" =0orsinp=0
p =nn.

R - ! -
(iii) reduces to ulx,t)=b, e " sin nnx where b =c,

Thus the general solution of (i) is u(x, t) = Z be " ™" sin nmx

Whent =0, 3 sin nnx = u(0, t) = Z b,e” "Rt gin nx
n=1

Comparing both sides, b, =3

Hence from (1v), the desired solution is

ulx,t)=3 Z e " sin nnx.

n~1
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Example 18,11, Solve the differential equatwn =g’ _8_’_ for the conducuon Jf iwal Mdmd ‘mtﬂ-(
out radiation, subject to the following conditions :

(i) wis not infinite for t = =, (if) -g—:‘- =(forx=0andx =1,

(i) u =lx-x* for t = 0, between x = 0 and x = L.

Solution. Substituting # = X(x)7(¢) in the given equation, we get

’

XT' = o2X"T ie, X'IX= L = - k? (say)
o’T

d*X

—5 + kX =0 and ‘f]wﬁ 'T=0 A1)

dx

Their solutions are X=c,coskx + ¢, sinkx, T=c e Kokt ek D)
If k* is changed to - k2, the solutions are
X=ce+cye ™, T=c P .(3)
If k? = 0, the solutions are X=cx+c, T=c, ..(4)
In (3), T < oo for t —» o therefore, u also —» « i.e., the given condition (i) is not satisfied. So we reject the
solutions (3) while (2) and (4), satisfy this condition.
Applymg the condition (ii) to (4), we get ¢, = 0.
u=XT=cye,=a, (say)
From (2) . I (~¢, sin kx + ¢, cos kx) ke e ¥ "
’ o 1 2 3
Applying the condition (ii), we get ¢, = 0 and — ¢, sin &/ + ¢, cos kl =0
ie., ¢, =0 and kl=nn(naninteger)

- ntatt
e nnx e
u=c coskr.coe ¥ =q cos| — y
1 3 n 1 lg
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Thus the general solution being the sum of (5) and (6), is

u = a, + Xa, cos (nrxll) ¢ "%
Now using the condition (i), we get
lx — x* = a, + Za, cos (nnx/l)
This being the expansion of Ix — x? as a half-range cosine series in (0, /), we get

,2
— C08
n’n?

—(I-—Zx)(—

3
=_?_{0_ ninz (cos ni + 1)+o} = :21—“2 when n is even, otherwise 0.

Hence taking n = 2m, the required solution is

2mmx ] o~ ARl
l

Solution. (a¢) Let the equation for the conduction of heat be
du_ 2%
ot ax?
Prior to the temperature change at the end B, when ¢ = 0, the heat flow was independent of time (steady
state condition). When u depends only on x, (i) reduces to 9*u/dx? = 0.
Its general solution isu =ax + b ...(1)
Since u = 0 for x = 0 and u = 100 for x = /, therefore, (i7) gives b = 0 and a = 100/.
Thus the initial condition is expressed by u(x, 0) = El)_g x i)
Also the boundary conditions for the subsequent flow are
u(0, t) = 0 for all values of ¢ ..(iv)
and u(l, t) = 0 for all values of ¢ ...(v)
Thus we have to find a temperature function u(x, t) satisfying the differential equation (i) subject to the
initial condition (iii) and the boundary conditions (iv) and (v).
Now the solution of (i) is of the form
u(x, t) = (C, cos px + C, sin px)e” ep't
By (iv), w0,0)=C,e” <P ~ 0, for all values of ¢.
Hence C, = 0 and (vi) reduces to ulx, t) = C, sin px . e~ ep't

Applying (v), (vii) gives u(l, t) = C, sin pl . ¢~ “7" =0, for all values of £.
This requires sin pl = 0i.e.,,pl =nras C,#0. .. p=nwl, wheren is any integer.

2.2.2 2
Hence (vii) reduces to u(x, t) = b, sin %‘— e Tl where 5, =C,
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[These are the solutions of (¢) satisfying the boundary conditions (1v) and (v). These are the eigen functions
corresponding to the eigen values A, = cnn/l, of the problem.]
Adding all such solutions, the most general solution of (i) satisfying the boundary conditions (iv) and (v) is

- . nnx e
ulx, )= ) b, sin —l—-~e__' i .Aviit)
n=1

Putting ¢ = 0, ulx, 0= 3. b,sin == .ix)
n=1

In order that the condition (iii) may be satisfied, (iif) and (ix) must be same. This requires the expansion
of 100x// as a half-range Fourier sine series in (0, /). Thus

100x _ ¥ 5 g ARE =21 100x . nmx
7 -’glb"sm 7 where b, = 2 dx
200 cos (nmx /1) sin (nmx /1) : 200 iy 200 .1
= —|x{-———— - ()= —————}| ===|-—cosnn|="— (-1)
ik (nr/1) (nnll? 2 nn nn
200 i (=" sin T - tenn/ 1)t
n=1 !
(b) Here the initial condition remains the same as (iii) above, and the boundary conditions are
u(0, t) = 20 for all values of ¢ (x)
u(l, t) = 80 for all values of ¢ lxt)
In part (a), the boundary values (i.e., the temperature at the ends) being zero, we were able to find the
desired solution easily. Now the boundary values being non-zero, we have to modify the procedure.
We split up the temperature function u(x, t) into two parts as
ulx, t) =u, (x) +u, (x,t) xit)

Hence (viii) gives u(x, t) =

where u_(x)is a solution of (i) involving x only and satisfying the boundary conditions (x) and (xi) ; u, (x, ¢) is then
a function defined by (xii). Thus u, (x) is a steady state solution of the form (i) and u, (x, #) may be regarded as a
transient part of the solution which decreases with increase of ¢.

Since u_ (0) = 20 and u () = 80, therefore, using (ii) we get
u (x) = 20 + (60/)x AT
Putting x = 0 in (xii), we have by (x),
@0, ¢) =u(0,) —u(0)=20-20=0 ..(xiv
Putting x =/ in (xii), we have by (xi),
u(l,t)=ul,t)-ufll)=80-80=0 EH

Also u(x, 0) = ulx, 0) — u (x) = 1010" % (67& + 20) [by (iii) and (xiii

= 4_?1’ - 20 lxvi
Hence (xiv) and (xv) give the boundary conditions and (xvi) gives the initial condition relative to thd
transient solution. Since the boundary values given by (xiv) and (xv) are both zero, therefore, as in part (a), w

have ux, t)= (Cl Cos px + C2 sin px) e Ept

By (xiv), u(0,8) = Cie ot - 0, for all values of ¢.
Hence C, = 0 and ufx,t)=C,sinpx . ¢ pt
Applying (xv), it gives  u(l, t) = C, sin ple “#* _ 0 for all values of ¢.

This requires sin pl =0, i.e. pl = nn as C, # 0. p = nw/!, when n is any integer.

2 2.2 2
Hence (xvii) reduces to u(x, t) = b _ sin "—lnie' Rl where b,=C,.
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Adding all such solutions, the most general solution of (xvii) satisfying the boundary conditions (xiv) an

(xv) i1s
X - c*n'wle sl e
Axvn

ulx, t) = Zb sm"l e

Putting ¢ = 0, we have u/(x, 0)= Z b, sin (i

In order that the condition (xvi) may be satisfied, (xvi) and (xix) must be same. This requires the expa
sion of (40/1) x — 20 as a half-range Fourier sine series in (0, /). Thus
40x . ( 40x | iy ATX _ 40
s i -20= Zb sin 20X 1 where b = 7 In ; 20 sin 7 dx = = (1 + cos nx)
ie,b =0,whenn is odd ; = - 80/nr, when 2 is even
e - l‘?ll'lﬁ-lf/l)
Hence (xviii) becomes u (x, t) = e |Take n =

—dem'

Finally combining (xiii) and (xx), the required solution is

u(x t)= $ 20 - — Z sin zmm ‘e 4:'21:1'1:’(/["'-

Example 18.13. The ends A and B of a rod 20 em long have the temperature at 30°C and 80°C until
steady-state prevails. The temperature of the ends are changed to 40°C and 60°C respeetively. Find the

temperature distribution in the rod at time t.
Solution. Let the heat equation be - du =¢ ‘Lu
ot o2
In steady state condition, u is independent of time and depends on x only, (i) reduces to
Puldx’ =0.

Its solution is u = a + bx
Since u = 30 for x = 0 and u = 80 for x = 20, therefore a = 30, b

Thus the initial conditions are expressed by

= (80 - 30)/20 = 5/2
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ul(x,0) =30+ %x

Aiir)
The boundary conditions are u (0, ¢) = 40, u (20, t) = 60
Using (ii), the steady state temperature is

ulx,0)=40 + 2'0 - iv)

To find the temperature u in the intermediate period,
ulx, t)=u_(x)+u,l(xt)
where u_(x) is the steady state temperature dlxtnbutnon of the form (iv) and u, (x, t) is the transient tem(pera-
ture dlstrlbuuon which decreases to zero as t increases.
Since u, (x, t) satisfies one dimensional heat equation

p?f

u(x, 1) =40 + x + z (a, cos px + b, sin px) e

n=1\

..(v)

u0,8)=40=40+ ) a,e "t whence a, =0.

n=1

| 2
(v) reduces to ulx, t)=40 +x + Z b, sin pre "'

n=1

Also u(20,2)=60=40+20 + ) b, sin 20 pe” wt

> b, sin 20 pe” Pt _o i.e., sin 20p =0 i.e., p = n/20

n=1

Thus (vi) be 1) =40 b, o A
vi) becomes ulx, t)=40 + x + Z sin —— =

Using (iit), 30 + gx =u(0,)=40 +x + Z b, sin ,;g

3
=30 Z b, sin —— 20
where b"—- _[ (3x—10)sn mrda:-—Q(l+2cosmt)
20 nn
Hence from (vit), the desired solutmn is
” 20 — 1+2CO8NN . nmx -(nns20¥:
u=404+x - Z - sm——ﬁ)—e
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By law of heat conduction, the rate of heat flow is proportional to the gradient of the temperature. Th
if the ends x = 0 and x =/ (= 100 cm) of the bar are insulated (Fig. 18.4) so that no heat can flow through the en(]s
the boundary conditions are

du(0,8) - dull,t)

= = ( for all ¢
ox 0, o

Z
Initially, under steady state conditions, g;; = 0. Its solution is u = ax + b.

Sinceu=0forx=0andu=100forx=! .. b=0anda=1.

Thus the initial conditionisu (x,0)=x 0O<x<l ()
Now the solution of (i) is of the form u (x, t) = (¢, cos px + ¢, sin px)e"j”z' ..(tw)
Differentiating partially w.r.t. x, we get

2.2
g_;‘. = (= e,p sin px + cp cos px)e™ P’ .(v)

Putting x = 0, (24) =epe ™t =0 forant. [By (i)
0

;=0
P . au » — pht g3
Putting x = [ in (v), (TO;), =—¢;psinple™ 7" for all ¢. [By (ii)]
ep sinpl =0 ie., p being # 0, either ¢, = 0 or sin pl = 0.
When ¢, =0, (iv) gives u (x, ) = 0 which is a trivial solution, therefore sin pl = 0.
pl=nx  or p=nnl, n=0,12..
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; nmx - 202018
Hence (iv) becomes u (x, t) = ¢, cos — nriiil )

l
the most general solution of (i) satisfying the boundary conditions (ii) is

= 223 nnx -t :
u(x,t) = 2 A, cos%x-e et =A,+ Z A, cos —— T € B (where A =¢,) ...(vi)
n=0 n=1

: 3 nmx
Puttingt=0,u (x,0)=A, + zl A, cos o e [by (iir)]
"=
This requires the expansion of x into a half range cosine series in (0, 7).

: L%, S
Thus e A Z a, cos nnx/l

II xcos"mdx— T - 2 (cos nk—1)

n°w
= 0, where n is even ; = — 4l/n’n?, when n is odd.

Il

A= %Q =1/2,and A, = a, =0 for n even ; = — 4l/n’a® for n odd.

Hence (vi) takes the form

ulx, t) = Z 212 b n;Lr e* it
n=13, nn

on -1°% [

%i mq(2n_1)nx — 20 -1 e’
1

i . 2 . dis . - - ~ —y
7 any'lt'ihl:el: the required temperature at a point P, distant x from end A OSSOty
i Ax P C P, B
Obs, The sum of the temperatures at any twe points equidistant from the [ 5 |
centre is always 100°C, o constant. ' -
Let P, P, be two points equidistant from the centre C of the bar so
that CP, = CP, (Fig. 18.4).
If AP, =BP,=x (say), then AP, =[-x,

Fig. 18.4
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Replacing x by / - x in (vii), we get the temperature at P, as

- 120 - 1) 1t

- (2n—1)n(l-x) z
u(l —x,t) = - cos f
2: zp-nl l

- (2n -1 "t

Z ik (2n-1) = A ...(viit)
- Qn—l) !

{ 2n -1 n(-x)
* CoS

(2n —1) mx . (2n - 1) nx

l

l
Adding (vii) and (viii), we get u(x, t) + ul = x, t) =1 = 100°C.

= cos[‘&nn - -
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